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Localization of Vector Field on Dynamical Domain Wall
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In the previous works (arXiv:1202.5375 and 1402.1346), the dynamical domain wall, where the
four dimensional FRW universe is embedded in the five dimensional space-time, has been realized by
using two scalar fields. In this paper, we consider the localization of vector field in three formulations.
The first formulation was investigated in the previous paper (arXiv:1510.01099) for the U(1) gauge
field. In the second formulation, we investigate the Dvali-Shifman mechanism (hep-th/9612128),
where the non-abelian gauge field is confined in the bulk but the gauge symmetry is spontaneously
broken on the domain wall. In the third formulation, we investigate the Kaluza-Klein modes coming
from the five dimensional graviton. In the Randall-Sundrum model, the graviton was localized on
the brane. We show that the (5, µ) components (µ = 0, 1, 2, 3) of the graviton are also localized on
the domain wall and can be regarded as the vector field on the domain wall. There are, however,
some corrections coming from the bulk extra dimension if the domain wall universe is expanding.
PACS numbers: 95.36.+x, 98.80.Cq
I. INTRODUCTION
There is a long history in the scenarios that our universe could be a brane or domain wall embedded in a higher
dimensional space-time [1, 2]. After the discovery of the so-called D-brane solution in string theories [3, 4], the brane
world scenarios [5–9] or the domain wall senario [10–20] have been well studied. In the studies, the models of the
inflationary brane using the trace anomaly have been proposed [21–23]. The brane can be regarded with a limit that
the thickness of the domain wall vanishes. Recently a model where the general FRW universe is embedded in the five
dimensional space-time with an arbitrary warp factor by using two scalar fields [24, 25] 1
In this paper, we investigate the localization of the vector field in the model [24, 25] by using three formulations.
The localization of the graviton has been shown in [25] and the localizations of the spinor field and vector field have
been also investigated and shown in [27]. The first formulation of the localization of the vector field in this paper is
just the review of the work in [27] about the U(1) gauge field by using the action of the five dimensional vector field.
The second formulation is an extension of the Dvali-Shifman mechanism in [28], where the non-abelian gauge field
is confined in the four dimensional bulk but the gauge symmetry is spontaneously broken on the three dimensional
domain wall. An extension of the work in [28] on the static four dimensional domain wall has been investigated in [29]
and in this paper, we further extend the mechanism to the dynamical domain wall model. As the third formulation, we
investigate the Kaluza-Klein modes coming from the five dimensional graviton. In the third formulation, we consider
the vector field coming from the Kaluza-Klein reduction. In the second Randall-Sundrum model [6], the graviton was
localized on the brane. The localized graviton can be regarded as a zero mode of the five dimensional graviton. We
show that the (5, µ) components (µ = 0, 1, 2, 3) of the graviton are also localized and can be regarded as the vector
field on the four dimensional domain wall. We show that, however, there appear some corrections coming from the
bulk extra dimension if the domain wall is dynamical.
In the next section, we briefly review on the formulation of the dynamical domain wall based on [24, 25]. In section
III, we also review on the localization of the vector field in [27]. In section IV, we extend the formulation in [28] and
[29] to the four dimensional dynamical domain wall model. In section V, we consider the Kaluza-Klein vector field
coming from the five dimensional graviton. The last section VI is devoted to the summary of the obtained results.
∗ E-mail address: mhiguchi@th.phys.nagoya-u.ac.jp
† E-mail address: nojiri@phys.nagoya-u.ac.jp
1 This formulation is an extension of the formalism of the reconstruction of the domain wall [26]. Before the work, a formulation where
only the warp factor of the domain wall is arbitrary has been proposed in [13], it has been proposed.
2II. DOMAIN WALL MODEL WITH TWO SCALAR FIELDS
In [24, 25], the formulation of the dynamical domain wall model have been proposed by using two scalar fields. The
formulation could be regarded as an extension of the formulation in [30] 2.
The metric of the five dimensional space-tme embedded a general spacially flat FRW universe with an arbitrary
warp factor is given by
ds2 = dw2 + L2eu(w,t)ds2FRW . (1)
Here ds2FRW is the metric of the FRW universe,
ds2FRW = −dt2 + a (t)2
{
dr2 + r2dθ2 + r2 sin2 θdφ2
}
. (2)
In [24, 25], the following action with two scalar fields φ and χ were considered,
Sφχ =
∫
d5x
√−g
{
R
2κ2
− 1
2
A(φ, χ)∂Mφ∂
Mφ−B(φ, χ)∂Mφ∂Mχ− 1
2
C(φ, χ)∂Mχ∂
Mχ− V (φ, χ)
}
. (3)
We can construct a model to realize the arbitrary metric (1) by using the model (3). The energy-momentum tensor
for the scalar fields φ and χ in the model (3) are given by
T φχMN =gMN
{
−1
2
A(φ, χ)∂Lφ∂
Lφ−B(φ, χ)∂Lφ∂Lχ− 1
2
C(φ, χ)∂Lχ∂
Lχ− V (φ, χ)
}
+A(φ, χ)∂Mφ∂Nφ+B(φ, χ) (∂Mφ∂Nχ+ ∂Nφ∂Mχ) + C(φ, χ)∂Mχ∂Nχ . (4)
The variations of φ and χ give the following field equations,
0 =
1
2
Aφ∂Mφ∂
Mφ+A∇M∂Mφ+Aχ∂Mφ∂Mχ+
(
Bχ − 1
2
Cφ
)
∂Mχ∂
Mχ+B∇M∂Mχ− Vφ , (5)
0 =
(
−1
2
Aχ +Bφ
)
∂Mφ∂
Mφ+B∇M∂Mφ+ 1
2
Cχ∂Mχ∂
Mχ+ C∇M∂Mχ+ Cφ∂Mφ∂Mχ− Vχ . (6)
Here Aφ = ∂A(φ, χ)/∂φ, etc. By choosing φ = t and χ = w, we obtain
T 00 = −
e−2u(w,t)
2L2
A− 1
2
C−V , T ji = δ ji
(
e−2u(w,t)
2L2
A− 1
2
C − V
)
, T 55 =
e−2u(w,t)
2L2
A+
1
2
C−V , T 50 = B , (7)
By using the Einstein equation and the equations in (7), we find A, B, C, and V can be expressed as follows,
A =
L2eu(w,t)
κ2
(
G 11 −G 00
)
=
L2eu(w,t)
κ2
(
G 22 −G 00
)
=
L2eu(w,t)
κ2
(
G 33 −G 00
)
=
1
κ2
(
−u¨− 2H˙ + (u˙)
2
2
+ u˙H
)
,
B =
1
κ2
G 50 = −
3u′
2κ2L2eu
(u˙+ 2H) ,
C =
1
κ2
(
G 55 −G 11
)
=
1
κ2
(
G 55 −G 22
)
=
1
κ2
(
G 55 −G 33
)
=
1
κ2
(
−3
2
u′′ − 1
2eu
(
u¨+ 2H˙ + (u˙)
2
+ 5u˙H + 6H2
))
,
V =
1
κ2
(
G 00 +G
5
5
)
=
1
κ2
(
−3
4
(
u′′ + 2 (u′)
2
)
+
1
4L2eu
(
3u¨+ 6H˙ + 3 (u˙)2 + 15u˙+ 18H2
))
. (8)
Here Gµν is the Einstein tensor. The explicit forms of A(φ, χ), B(φ, χ), C(φ, χ), and V (φ, χ) can be obtained by
replacing t and w in the r.h.s. of Eqs. (8) by φ and χ. The obtained expressions in the action (3) gives a model which
realize the metric (1). Eqs. (5) and (6) are satisfied automatically, which can be seen by using the Bianchi identity
∇ν (Rµν − 12Rgµν) = 0.
2 A similar procedure was also invented for the reconstruction of the FRW universe by single scalar model [31].
3III. LOCALIZATION OF VECTOR FIELD
In this section, we review on the localization of the vector field by using the formulation in [27]. We consider the
following action of the five dimensional vector field,
SV =
∫
d5x
√−g
{
−1
4
FMNF
MN − 1
2
m(χ)2AMA
M
}
, FMN = ∂MAN − ∂NAM . (9)
In the background (1) with (2), we assume that eu(t,w) is given by the product of the t-dependent part and w-dependent
part, eu(t,w) = T (t)W (w),
ds2 = dw2 + L2W (w)T (t)ds2FRW , ds
2
FRW = −dt2 + a(t)2
3∑
i=1
(
dxi
)2
. (10)
Under the assumption (10), the action (9) has the following form,
SV =
∫
d5x
{
1
2
L2W (w)T (t)a(t)3F 250 −
1
2
L2W (w)T (t)a(t)F 25i +
1
2
a(t)F 20i −
1
4
a(t)−1F 2ij
−1
2
m(χ)2
(
L4W (w)2T (t)2a(t)3A25 − L2W (w)T (t)a(t)3A20 + L2W (w)T (t)a(t)A2i
)}
. (11)
The variations of A5, A0, and Ai give the following equations,
0 =L2W (w)∂0
(
T (t)a(t)3 (∂5A0 − ∂0A5)
)− L2W (w)T (t)a(t) (∂5∂iAi − ∂2iA5)
−m(χ)2L4W (w)2T (t)2a(t)3A5 , (12)
0 =− L2T (t)a(t)3∂5 (W (w) (∂5A0 − ∂0A5)) + a(t)
(
∂0∂iAi − ∂2iA0
)
+m(χ)2L2W (w)T (t)a(t)3A0 , (13)
0 =L2T (t)a(t)∂w (W (w) (∂5Ai − ∂iA5))− ∂0 (a (∂0Ai − ∂iA0))− a(t)−1
(
∂i∂jAj − ∂2jAi
)
−m(χ)2L2W (w)T (t)a(t)Ai . (14)
If we assume
A5 = 0 , Aµ = X(w)Cµ (x
ν) , µ, ν = 0, 1, 2, 3 , (15)
and choose
m (χ = w)
2
=
(W (w)X ′(w))
′
W (w)X(w)
, (16)
we rewrite Eqs. (12), (13), and (14) as follows,
0 =∂5X(w)
{
∂0
(
T (t)a(t)3C0
)− T (t)a(t)∂iCi} , (17)
0 =∂0∂iCi − ∂2i C0 , (18)
0 =∂0 (a(t) (∂0Ci − ∂iC0)) + a(t)−1
(
∂i∂jCj − ∂2jCi
)
. (19)
Eqs. (18) and (19) are nothing but the field equations of the vector field in four dimensions. On the other hand,
Eq. (17) can be regarded as a gauge condition, which is a generalization of the Landau gauge, ∂µAµ = 0.
By choosing X(w) decreases rapidly enough for large |w|, Aµ becomes normalizable. Then if we choose m(χ) as in
(16), the vector field localizes on the domain wall.
IV. DVALI-SHIFMAN MECHANISM
In [28], the non-abelian vector field on the three dimensional domain wall embedded in the four dimensional space-
time was considered. In the bulk space-time, the vector field is confined but on the domain wall, the scalar field which
generates the domain wall also change the potential of the Higgs field and there occurs the spontaneous breakdown
of the gauge symmetry and massless U(1) gauge field appears on the domain wall. An extension of the scenario was
proposed in [29], where the four dimensional domain wall in the five dimensional space-time was considered and by
4the mechanism similar to that in [28], the standard model could be realized on the domain wall. In this section, we
consider a similar mechanism on the dynamical domain wall.
We consider the following action for the SU(2) gauge field,
S =
∫
dx5
√−g
[
−1
4
GaMNG
a
MN −
1
2
(DMη
a)2 +
1
2
λ
(
η2 + κ2 − v2 + v2 tanh2(mχ))2] ,
GaMN =∂MA
a
N − ∂NAaM + gfabcAbMAcN . (20)
Here GaMN is the field strength of the SU(2) field and we also include the scalar field η
a which is the adjoint
representation of SU(2). The parameters κ and v have the dimension of mass and λ is a dimensionless positive
parameter. We assume κ2 − v2 < 0 and also the metric in (10).
In the limit of |w| = |χ| → ∞, because the potential for the scalar field ηa is given by 12λ(η2 + κ2)2, there does not
occur the breakdown of the SU(2) gauge symmetry if the gauge coupling is strong enough. On the other hand, on
the brane, w = χ ∼ 0, the potential becomes 12λ(η2+κ2−v2)2 and because κ2−v2 < 0, ηa has a vacuum expectation
value
ηa = δ3aη0(w) = δ3ak cosh
−1(mw) , (21)
and therefore SU(2) guge symmetry is spontaneously broken. By substituting the expression of ηa into (21) into the
equation of the motion
−η′′0 + 2λ(η2 + κ2 − v2 + v2 tanh2(mφ))η0 = 0 , (22)
we obtain
tanh2(mw)
(−2m2 − 2λk2 + 2λv2)+m2 + 2λ(k2 + κ2 − v2) = 0 , (23)
which tells
k2 = v2 − 2κ2, m2 = 2λκ2 . (24)
Because the ηa has a vacuum expectation value,
〈η1〉〈η2〉
〈η3〉

 =

 00[
(1− tanh2(mw))v2 − κ2]1/2

 , (25)
the gauge field obtains a mass,
∆L =− 1
2
g2fabcfab
′c′gMNAbMA
b′
Nη
cηc
′
. (26)
Then by using (25), we find
∆L =− 1
2
g2gMN (A1MA
1
N +A
2
MA
2
N )〈η3〉2
=− 1
2
g2gMN (A1MA
1
N +A
2
MA
2
N )
[
(1− tanh2(mw))v2 − κ2]
=− 1
2
µ(w)2(1 − δ3a)gMNAaMAaN . (27)
By substituting (10) into the action (20), we obtain
S =
∫
d5x
[
1
2
a(t)(Ga0i)
2 +
1
2
L2W (w)T (t)a(t)3(Ga05)
2 − 1
4
a(t)−1(Gaij)
2
− 1
2
L2W (w)T (t)a(t)(Gai5)
2 − 1
2
µ(w)2L2W (w)T (t)a(t)
[−a(t)2 ((A10)2 + (A20)2)
+
(
(A1i )
2 + (A2i )
2
)
+ L2W (w)T (t)a(t)2
(
(A15)
2 + (A25)
2
)]]
. (28)
Then the equations for the gauge fields are given by
0 =T (t)a(t)3∂5
[
L2W (w)(∂0A
a
5 − ∂5Aa0)
]
+ a(t)(∂0∂iA
a
i − ∂2iAa0)
5+ (1− δa3)µ(w)2L2W (w)T (t)a3(t)Aa0 + gfabc
[
a(t)(Ab0∂iA
c
i −Aci∂0Abi + 2Aci∂iAb0)
+ L2W (w)T (t)a(t)3(Ab0∂5A
c
5 −Ac5∂0Ab5 + 2Ac5∂5Ab0) +W ′(w)T (t)a(t)3Ab0Ac5
]
+ g2fabcf cde
[
a(t)AbiA
d
0A
e
i + L
2W (w)T (t)a(t)3Ab5A
d
0A
e
5
]
, (29)
0 =T (t)a(t)∂5
[
L2W (w)(∂5A
a
i − ∂iAa5)
]− ∂0 [a(t)(∂0Aai − ∂iAa0)]− a(t)−1(∂i∂jAaj − ∂2jAai )
− (1− δa3)µ(w)2L2W (w)T (t)a(t)Aai − gfabc
[
a(t)(Aci∂0A
b
0 +A
c
0∂iA
b
0 + 2A
b
0∂0A
c
i ) + a˙(t)A
b
0A
c
i
− a(t)−1(Aci∂jAbj +Acj∂iAbj + 2Abj∂jAci )
+ L2W (w)T (t)a(t)(Abi∂5A
c
5 −Ac5∂iAb5 + 2Ac5∂5Abi ) + L2W (w)′T (t)a(t)AbiAc5
]
− g2fabcf cde(a(t)Ab0Ad0 − a(t)−1AbjAdj − L2W (w)T (t)a(t)Ab5Ad5)Aei , (30)
0 =L2W (w)T (t)a(t)
[
∂2iA
a
5 − ∂5∂iAai
]− L2W (w)∂0 [T (t)a(t)3(∂0Aa5 − ∂5Aa0)]
− (1− δa3)µ(w)2L2W (w)2T (t)2a(t)3Aa5
− gfabc[L2W (w)T (t)a(t)3(Ac5∂0Ab0 +Ac0∂5Ab0 +Ab0∂0Ac5) + L2W (w)∂0(T (t)a(t)3)Ab0Ac5
−W (w)T (t)a(t)(Ac5∂iAbi +Aci∂5Abi +Abi∂iAc5)
]
− g2fabcf cde [L2W (w)T (t)a(t)3Ab0Ad0 + L2W (w)T (t)a(t)AbiAdi ]Ae5 . (31)
For the massless vector field A3M , by choosing
A35 = 0, A
3
µ = X(w)Cµ(x
ν) , µ = 0, 1, 2, 3 , (32)
and
(W (w)X ′(w))′ = 0 , (33)
in the order of O (g0), Eqs. (29), (30), and (31) reduce to the equations for the vector field and the gauge fixing
condition,
0 =a(t)X(w)(∂0∂iCi − ∂2i C0) , (34)
0 =∂0 [a(t)(∂0Ci − ∂iC0)] + a(t)−1(∂i∂jCj − ∂2jCi) , (35)
0 =X ′(w)
[−T (t)a(t)∂iCi + ∂0(T (t)a(t)3C0)] . (36)
Therefore the massless gauge field appears on the domain wall.
In [29], the confinement in the bulk space-time was assumed but in the dimensions higher than four, there could
be a phase transition and the confinement could occur only in the strong coupling region. Then we may consider the
scalar field, which also plays a role of the gauge coupling. The scalar field depends on the coordinate w in the extra
dimension and the gauge coupling can become strong and the confinement always occurs in the bulk space-time.
V. KALUZA-KLEIN REDUCTION
In the Randall-Sundrum model, the massless graviton in four dimensions appears as a zero mode, or normalized
and localized mode, of the five dimensional graviton. On the other hand, in the standard Kaluza-Klein model, the
vector field appears as the fluctuation h5µ of the (5, µ) components of the metric (µ = 0, 1, 2, 3). Therefore if the
(5, µ) components are also localized on the brane or the domain wall, the modes can be regarded as the vector field
in four dimensions. In this section, we investigate the possiblity that the vector field appears due to the Kaluza-Klein
reduction.
We consider the fluctuation arround the background space-time, gAB = g
(0)
AB + hAB. Then we obtain the following
expressions,
√−g =
√
−g(0)
(
1 +
1
2
hAA +
1
8
(hAA)
2 − 1
4
hABh
AB
)
, (37)
R =R(0) −R(0)ABhAB +∇(0)A∇(0)BhAB −∇(0)2h AA
+
3
4
(
∇(0)Ch AA
)
∇(0)BhCB + 3
4
hAB∇(0)A ∇(0)B h DD −
1
2
∇(0)AhAE∇(0)B hBE
6+
1
4
hAB∇(0)2hAB − 1
4
(
∇(0)Ch DD
)(
∇(0)C h AA
)
+
1
2
R
(0)
ABh
ADhBD +
1
2
R(0)DACBhDChAB
+∇(0)A
(
−1
4
hFB∇AhBF − 1
2
hAF∇(0)D hDF +
1
4
hAF∇(0)Fh DD
)
+
1
2
∇(0)2 (hABhAB)+O(h3) . (38)
We now impose the gauge condition ∇AhAB = 0. Then the action has the following form,
S =
∫
d5x
√
−g(0)
[
1
2κ2
(
R(0) +
1
4
hAB∇(0)2hAB − 1
4
R(0)hABh
AB
+
1
2
R
(0)
ABh
ADhBD +
1
2
R(0)ACBDhABhCD
)
− 1
4
hABh
ABLm
]
, (39)
Then by the variation of the action with respect to hAB, we obtain the following equation,
0 =
1
2κ2
(
1
2
∇(0)2hAB − 1
2
R(0)hAB +
1
2
R(0)AChBC +
1
2
R(0)BChAC + R
(0)ACBDhCD
)
− 1
2
LmhAB . (40)
Because we are interested in the (5, µ) component, we put hµν = h55 = 0. Then (5, µ) component of Eq. (40) has the
following form,
0 =
1
2κ2
(
∇(0)2h5µ −R(0)h5µ +R(0)55hµ5 +R(0)µνh5ν − 2R(0)µ5ν5h5ν
)
− Lmh5µ . (41)
A. Localization on Flat Domain Wall
Before considering the FRW universe, we first consider the case that the four dimensional domain wall is flat as in
the Randall-Sundrum model. Then the metric has the following form,
ds2 = eu(w)ηµνdx
µdxν + dw2 . (42)
Then Eq. (41) has the following form,[
1
2κ2
(
e−u∂ν∂
ν + ∂25 + u
′∂5 + 2u
′′ + u′2
)− Lm
]
h5µ = 0 . (43)
The deviation of (43) is given in the Appendix A. By assuming h5µ(x
ν , w) = N(w)Aµ(x
ν), we consider the following
Lagrangian density of the scalar field instead of (3) (see Ref. [24]),
Lm = −1
2
C(χ)∂Aχ∂Aχ− V(χ) = 3
2
u′′ +
3
2
u′2 . (44)
The Lagrangian density is given by putting A(φ, χ) = B(φ, χ) = 0, C(χ) = C(φ, χ)|φ=0, and V(χ) = V (φ, χ)|φ=0. We
also used (8) in the second equality in (44). Then we obtain,(
Ne−u∂ν∂
ν +N ′′ +N ′u′ −Nu′′ − 2Nu′2)Aµ = 0 . (45)
If we choose
N ∝ eu , , (46)
Eq. (45) coincides with the expression of the standard equation for the vector field in four dimensions,
∂ν∂
νAµ = 0 . (47)
For example, we consider the case, u(w) = −2
√
w2 + w20 , we find N ∝ e−2
√
w2+w2
0 → e−2|w| (w0 → 0) and therefore
there occurs the localization of the vector field. If the number of the extra dimensions is not one but there are several
extra dimensions and furthermore if the extra dimensions have a structure of the non-ablian group, there could appear
the non-abelian gauge theory localized on the domain wall.
7B. Localization on the Dynamical Domain Wall
We now consider the case that the domain wall is dynamical, that is, the FRW universe is embedded in five
dimensional bulk space-time as in (1). Then the equation for the graviton is given by
0 =
1
2κ2
{(
∂25 + 2u
′′ + u′∂5 + u
′2
)
h5µ
+ e−u
[(
∇ˆ2 − 2u¨− 4a˙u˙
a
− u˙
2
2
− 6a¨
a
− 6a˙
2
a2
)
h5µ +
((
u¨+
u˙a˙
a
)
h50 − u˙gˆαγ∂αh5γ
)
δ0µ
− u˙∂µh50
]}
− Lmh5µ . (48)
The derivation of (48) is given in Appendix B. We assume the Lagrangian density Lm is given by (3). By substituting
the expression of Lm into (48) and using the gauge fixing condition ∇AhA5 = 0, again, we find
0 =
[
(∂25 + u
′∂5 − u′′ − 2u′2) + e−u
(
∇ˆ2 − 2a¨
a
− 4a˙
2
a2
)]
h5µ + e
−u
(
u¨+
u˙2
a
+
4u˙a˙
a
)
h50δ
0
µ − e−uu˙∂µh50 . (49)
By assuming h5µ(x
ν , w) = N(w)Aµ(x
ν), Eq. (49) can be rewritten as
0 =
(
N ′′ +N ′u′ −Nu′′ − 2Nu′2)Aµ +Ne−u
[(
∇ˆ2 − 2a¨
a
− 4a˙
2
a2
)
Aµ +
(
u¨+
u˙2
4
+
4u˙a˙
a
)
A0δ
0
µ − u˙∂µA0
]
=
(
N ′′ +N ′u′ −Nu′′ − 2Nu′2)Aµ +Ne−u
[(
∇ˆ2 − 2a¨
a
− 4a˙
2
a2
− a˙u˙
a
)
Aµ +
(
u¨+
u˙2
4
+
5u˙a˙
a
)
A0δ
0
µ − u˙∇ˆµA0
]
.
(50)
In case that u can be separated into a sum of w-dependent part uw(w) and t-dependent part ut(t), that is, u(w, t) =
uw(w)+ut(t) as in (10)
(
W (w) ∝ euw(w) , T (t) ∝ eut(t)), if we choose N(w) ∝ euw(w) as in (46), the first term vanishes
in (50) and we obtain
0 =
(
∇ˆ2 − 2a¨
a
− 4a˙
2
a2
− a˙u˙t
a
)
Aµ +
(
u¨t +
u˙t
2
4
+
5u˙ta˙
a
)
A0δ
0
µ − u˙t∇ˆµA0 . (51)
On the other hand, the vector field in the four dimensional FRW space-time obeys the following equation,
0 =∇ˆ2Aµ − ∇ˆν∇ˆµAν = ∇ˆ2Aµ − ∇ˆµ∇ˆνAν − RˆλµAλ
=∇ˆ2Aµ − ∇ˆµ∇ˆνAν −
(
a¨
a
+
2a˙2
a2
)
Aµ −
(
2a¨
a
− 2a˙
2
a2
)
A0δ
0
µ . (52)
There are some differences between (51) and (52) even if we choose the gauge condition ∇ˆνAν = 0. Therefore the
vector field can localized on the domain wall even if dynamical but there appear some corrections from the extra
dimensions.
VI. SUMMARY
In summary, the localization of vector field in the model [24, 25] has been investigated by using three formulations.
1. The first formulation was just the review of the work in [27], where we have used the action of the five dimensional
vector field.
2. The second formulation was an extension of those in [28] and [28]. In this formulation, the non-abelian gauge
field is confined in the bulk space-time but massless U(1) gauge field appears due to the spontaneous breakdown
of the gauge symmetry. In [29], the confinement in the bulk space-time was assumed in the five dimensional
bulk space-time. It is known, however that there could be a phase transition in the dimensions higher than four
and the confinement could occur only in the strong coupling region. Then we may consider the model where
the scalar field plays a role of the gauge coupling. The strong coupling phase can be always realized if the
gauge coupling is given by the scalar field depending on the corrdinate in the extra dimension and the coupling
becomes strong enough and the confinement always occurs in the bulk space-time.
83. The third formulation was given by the Kaluza-Klein modes coming from the five dimensional graviton. In
the second Randall-Sundrum model [6], the graviton was localized on the brane. The localized graviton can
be regarded as a zero mode of the five dimensional graviton. We have shown that the (5, µ) components
(µ = 0, 1, 2, 3) of the graviton are also localized on the domain wall and can be regarded as the vector field
on the four dimensional domain wall. We found that, however, some corrections appear from the bulk extra
dimension if we consider the dynamical domain wall. An interesting point is that if we have several extra
dimensions and the extra dimensions have a symmetry under the non-ablian group transformation, there could
appear the non-abelian gauge theory localized on the domain wall.
Then it might be interesting to realize the GUT on the domain wall.
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Appendix A: Derivation of (43)
Here we consider the derivation of of (43). We have the following expressions of the connection
Γ5µν = −
u′
2
euηµν , Γ
µ
ν5 =
u′
2
δµν , (A1)
the Riemann tensor,
R
(0)
µ5ν5 = −eu
(
1
2
u′′ +
1
4
u′2
)
ηµν , (A2)
Ricci tensor,
R(0)µν = −eu
(
u′′
2
+ u′2
)
ηµν , R
(0)
55 = −2u′′ − u′2 , (A3)
and the scalar curvature
R(0) = −4u′′ − 5u′2 . (A4)
Then we find
gAB∇(0)A ∇(0)B h5µ
=gAB
(
∂A∇(0)B h5µ − ΓCAB∇(0)C h5µ − ΓCA5∇(0)B hCµ − ΓCAµ∇(0)B h5C
)
=gAB∂A
(
∂Bh5µ − ΓCB5hCµ − ΓCBµh5C
)− gABΓCAB (∂Ch5µ − ΓDC5hDµ − ΓDCµh5D)
− gABΓCA5
(
∂BhCµ − ΓDBChDµ − ΓDBµhCD
)
− gABΓCAµ
(
∂Bh5C − ΓDB5hDC − ΓDBCh5D
)
=gAB∂A∂Bh5µ − gAB∂AΓCB5hCµ − 2gABΓCB5∂AhCµ − gAB∂AΓCBµh5C − 2gABΓCBµ∂Ah5C
− gABΓCAB∂Ch5µ + gABΓCABΓDC5hDµ + gABΓCABΓDCµh5D
+ gABΓCA5Γ
D
BChDµ + 2g
ABΓCA5Γ
D
BµhCD + g
ABΓCAµΓ
D
BCh5D
=∂25h5µ + e
−ugˆαβ∂α∂βh5µ − ∂5Γ555h5µ − e−ugˆαβ∂αΓ5β5h5µ − 2Γ555∂5h5µ − 2e−ugˆαβΓ5β5∂αh5µ
− ∂5Γγ5µh5γ − e−ugˆαβ∂αΓγβµh5γ − 2Γγ5µ∂5h5γ − 2e−ugˆαβΓγβµ∂αh5γ
− ΓC55∂Ch5µ − e−ugˆαβΓCαβ∂Ch5µ + ΓC55Γ5C5h5µ + e−ugˆαβΓCαβΓ5C5h5µ + ΓC55ΓδCµh5δ
+ e−ugˆαβΓCαβΓ
δ
Cµh5δ
+ ΓC55Γ
5
5Ch5µ + e
−ugˆαβΓCα5Γ
5
βCh5µ + 2Γ
C
55Γ
D
5µhCD + 2e
−ugˆαβΓCα5Γ
D
βµhCD + Γ
C
5µΓ
δ
5Ch5δ
9+ e−ugˆαβΓCαµΓ
δ
βCh5δ
=∂25h5µ − ∂5Γγ5µh5γ − 2Γγ5µ∂5h5γ + ΓC5µΓδ5Ch5δ
+ e−ugˆαβ
[
∂α∂βh5µ − ∂αΓγβµh5γ − 2Γγβµ∂αh5γ − ΓCαβ∂Ch5µ + ΓCαβΓδCµh5δ + ΓCα5Γ5βCh5µ
+ 2ΓCα5Γ
D
βµhCD + Γ
C
αµΓ
δ
βCh5δ
]
=∂25h5µ −
u′′
2
h5µ − u′∂5h5µ + u
′2
4
h5µ
+ e−uηαβ
[
∂α∂βh5µ +
u′
2
euηαβ∂5h5µ − u
′2
4
euηαβh5µ − u
′2
4
euηαβh5µ
− u
′2
2
euηβµh5α − u
′2
4
euηαµh5β
]
=
(
∂25 −
u′′
2
+ u′∂5 − 5u
′2
2
)
h5µ + e
−uηαβ∂α∂βh5µ , (A5)
−R(0)h5µ +R(0)55h5µ +R(0) νµ h5ν − 2R(0) 5ν5µ h5ν
=− (−4u′′ − 5u′2)h5µ + (−2u′′ − u′2)h5µ −
(
u′′
2
+ u′2
)
δνµh5ν − 2
(
−u
′′
2
− u
′2
4
)
δνµh5ν
=
(
5u′′
2
+
7u′2
2
)
h5µ (A6)
Then by substituting the above expressions into (41), we obtain Eq. (43).
Appendix B: Derivation of (48)
We now consider the derivation of (48). The expressions of the connection and curvatures are given by
Γµν0 =
(
a˙
a
+
u˙
2
)
δµν −
a˙
a
δµ0 δ
0
ν , Γ
0
ij =
(
a˙
a
+
u˙
2
)
gˆij , Γ
µ
ν5 =
u′
2
δµν , Γ
5
µν = −eu
u′
2
gˆµν , (B1)
R(0) = −4u′′ − 5u′2 + 3e−u
(
u¨+
u˙2
2
+
3a˙u˙
a
+
2a¨
a
+
2a˙2
a2
)
, R(0)55 = −2u′′ − u′2 ,
R
(0)
00 =
[
−eu
(
u′′
2
+ u′2
)
+
3u¨
2
+
3a˙u˙
2a
]
gˆ00 + Rˆ00 , R
(0)
ij =
[
−eu
(
u′′
2
+ u′2
)
+
u¨
2
+
u˙2
2
+
5a˙u˙
2a
]
gˆij + Rˆij ,
R(0)µν =
[
−eu
(
u′′
2
+ u′2
)
+
u¨
2
+
u˙2
2
+
5a˙u˙
2a
]
gˆµν +
(
u¨− u˙
2
2
− a˙u˙
a
)
gˆ00δ
0
µδ
0
ν + Rˆµν ,
R(0)µ5ν5 = −
(
u′′
2
+
u′2
4
)
gµν . (B2)
We also find
∇(0)2h5µ =gAB
(
∂A∇(0)B h5µ − ΓCAB∇(0)C h5µ − ΓCA5∇(0)B hCµ − ΓCAµ∇(0)B h5C
)
=gAB∂A
(
∂Bh5µ − ΓCB5hCµ − ΓCBµh5C
)− gABΓCAB (∂Ch5µ − ΓDC5hDµ − ΓDCµh5D)
− gABΓCA5
(
∂BhCµ − ΓDBChDµ − ΓDBµhCD
)− gABΓCAµ (∂Bh5C − ΓDB5hDC − ΓDBCh5D)
=gAB∂A∂Bh5µ − gAB∂AΓCB5hCµ − 2gABΓCB5∂AhCµ − gAB∂AΓCBµh5C − 2gABΓCBµ∂Ah5C
− gABΓCAB∂Ch5µ + gABΓCABΓDC5hDµ + gABΓCABΓDCµh5D
+ gABΓCA5Γ
D
BChDµ + 2g
ABΓCA5Γ
D
BµhCD + g
ABΓCAµΓ
D
BCh5D
=∂25h5µ + e
−ugˆαβ∂α∂βh5µ − ∂5Γ555h5µ − e−ugˆαβ∂αΓ5β5h5µ − 2Γ555∂5h5µ − 2e−ugˆαβΓ5β5∂αh5µ
− ∂5Γγ5µh5γ − e−ugˆαβ∂αΓγβµh5γ − 2Γγ5µ∂5h5γ − 2e−ugˆαβΓγβµ∂αh5γ
− ΓC55∂Ch5µ − e−ugˆαβΓCαβ∂Ch5µ + ΓC55Γ5C5h5µ + e−ugˆαβΓCαβΓ5C5h5µ + ΓC55ΓδCµh5δ
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+ e−ugˆαβΓCαβΓ
δ
Cµh5δ
+ ΓC55Γ
5
5Ch5µ + e
−ugˆαβΓCα5Γ
5
βCh5µ + 2Γ
C
55Γ
D
5µhCD + 2e
−ugˆαβΓCα5Γ
D
βµhCD + Γ
C
5µΓ
δ
5Ch5δ
+ e−ugˆαβΓCαµΓ
δ
βCh5δ
=∂25h5µ − ∂5Γγ5µh5γ − 2Γγ5µ∂5h5γ + ΓC5µΓδ5Ch5δ
+ e−ugˆαβ
[
∂α∂βh5µ − ∂αΓγβµh5γ − 2Γγβµ∂αh5γ − ΓCαβ∂Ch5µ + ΓCαβΓδCµh5δ + ΓCα5Γ5βCh5µ
+ 2ΓCα5Γ
D
βµhCD + Γ
C
αµΓ
δ
βCh5δ
]
=∂25h5µ − ∂5Γγ5µh5γ − 2Γγ5µ∂5h5γ + ΓC5µΓδ5Ch5δ
+ e−u
[
gˆαβ∂α∂βh5µ − (B5)− 2(B6)− (B7) + (B8) + (B9) + 2(B10) + (B11)
]
. (B3)
We now find the explicit forms of Eqs. (B5), (B6), (B7), (B8), (B9), (B10), and (B11). Because
Γαβγ =
1
2
gαM (gMβ,γ + gMγ,β − gβγ,M)
=
1
2
gˆαµ (gˆµβ,γ + gˆµγ,β − gˆβγ,µ + gˆµβ∂γu+ gˆµγ∂βu− gˆβγ∂µu)
=Γˆαβγ +
1
2
(
δαβ∂γu+ δ
α
γ ∂βu− gˆβγ gˆαδ∂δu
)
, (B4)
we obtain
gˆαβ∂αΓ
γ
βµh5γ =gˆ
αβ∂α
[
Γˆγβµ +
1
2
(
δγβ∂µu+ δ
γ
µ∂βu− gˆβµgˆγδ∂δu
)]
h5γ
=gˆαβ∂αΓˆ
γ
βµh5γ +
1
2
(∂α∂µu)gˆ
αγh5γ +
1
2
gˆαβ(∂α∂βu)h5µ
− 1
2
gˆαβ(∂αgˆβµ)(∂δu)gˆ
γδh5γ − 1
2
(∂µgˆ
γδ)(∂δu)h5γ − 1
2
(∂µ∂δu)gˆ
γδh5γ
=gˆαβ∂αΓˆ
γ
βµh5γ +
1
2
gˆαβ(∂α∂βu)h5µ − 1
2
gˆαβ(∂αgˆβµ)(∂δu)gˆ
γδh5γ − 1
2
(∂µgˆ
γδ)(∂δu)h5γ
=gˆαβ∂αΓˆ
γ
βµh5γ −
1
2
u¨h5µ , (B5)
gˆαβΓγβµ∂αh5γ =gˆ
αβ
[
Γˆγβµ +
1
2
(
δγβ∂µu+ δ
γ
µ∂βu− gˆβµgˆγδ∂δu
)]
∂αh5γ
=gˆαβΓˆγβµ∂αh5γ +
1
2
(∂µu)gˆ
αγ∂αh5γ +
1
2
gˆαβ(∂βu)∂αh5µ − 1
2
(∂δu)gˆ
γδ∂µh5γ
=gˆαβΓˆγβµ∂αh5γ +
1
2
(∂µu)gˆ
αγ∂αh5γ − 1
2
u˙∂0h5µ +
1
2
u˙∂µh50 , (B6)
gˆαβΓCαβ∂Ch5µ =gˆ
αβ
[
Γˆγαβ +
1
2
(
δγα∂βu+ δ
γ
β∂αu− gˆαβ gˆγδ∂δu
)]
∂γh5µ + gˆ
αβΓ5αβ∂5h5µ
=gˆαβΓˆγαβ∂γh5µ +
1
2
(∂βu)gˆ
βγ∂γh5µ +
1
2
(∂αu)gˆ
γα∂γh5µ − 2(∂δu)gˆγδ∂γh5µ + gˆαβΓ5αβ∂5h5µ
=gˆαβΓˆγαβ∂γh5µ − (∂αu)gˆαβ∂βh5µ + gˆαβΓ5αβ∂5h5µ
=gˆαβΓˆγαβ∂γh5µ + u˙∂0h5µ − 2euu′∂5h5µ , (B7)
gˆαβΓCαβΓ
δ
Cµh5δ =gˆ
αβ
[
Γˆγαβ +
1
2
(
δγα∂βu+ δ
γ
β∂αu− gˆαβ gˆγλ∂λu
)][
Γˆδγµ +
1
2
(
δδγ∂µu+ δ
δ
µ∂γu− gˆγµgˆδρ∂ρu
)]
h5δ
+ gˆαβΓ5αβΓ
δ
5µh5δ
=gˆαβΓˆγαβΓˆ
δ
γµh5δ +
1
2
gˆαβΓˆγαβ(∂µu)h5γ +
1
2
gˆαβΓˆγαβ(∂γu)h5µ −
1
2
gˆαβΓˆγαβ gˆγµ(∂ρu)gˆ
δρh5δ
+
1
2
(∂βu)gˆ
βγΓˆδγµh5δ +
1
4
(∂βu)(∂µu)gˆ
βδh5δ +
1
4
(∂βu)gˆ
βγ(∂γu)h5µ − 1
4
(∂µu)(∂ρu)gˆ
δρh5δ
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+
1
2
(∂αu)gˆ
αγΓˆδγµh5δ +
1
4
(∂αu)(∂µu)gˆ
αδh5δ +
1
4
(∂αu)gˆ
αγ(∂γu)h5µ − 1
4
(∂µu)(∂ρu)gˆ
δρh5δ
− 2(∂λu)gˆγλΓˆδγµh5δ − (∂λu)(∂µu)gˆλδh5δ − (∂λu)gˆγλ(∂γu)h5µ + (∂µu)(∂ρu)gˆδρh5δ
+ gˆαβΓ5αβΓ
δ
5µh5δ
=gˆαβΓˆγαβΓˆ
δ
γµh5δ +
1
2
gˆαβΓˆγαβ(∂µu)h5γ +
1
2
gˆαβΓˆγαβ(∂γu)h5µ −
1
2
gˆαβΓˆγαβ gˆγµ(∂ρu)gˆ
δρh5δ
− (∂αu)gˆαγ Γˆδγµh5δ −
1
2
(∂αu)gˆ
αβ(∂βu)h5µ + gˆ
αβΓ5αβΓ
δ
5µh5δ
=gˆαβΓˆγαβΓˆ
δ
γµh5δ +
3a˙u˙
2a
h50δ
0
µ +
3a˙u˙
2a
h5µ − 3a˙u˙
2a
h50δ
0
µ
+
a˙u˙
a
h5µ − a˙u˙
a
h50δ
0
µ +
u˙2
2
h5µ − euu′2h5µ
=gˆαβΓˆγαβΓˆ
δ
γµh5δ −
a˙u˙
a
h50δ
0
µ +
5a˙u˙
2a
h5µ +
u˙2
2
h5µ − euu′2h5µ , (B8)
gˆαβΓCα5Γ
5
βCh5µ =gˆ
αβΓγα5Γ
5
βγh5µ = −euu′2h5µ , (B9)
gˆαβΓCα5Γ
D
βµhCD =gˆ
αβΓγα5Γ
5
βµhγ5 = −eu
u′2
4
h5µ , (B10)
gˆαβΓCαµΓ
δ
βCh5δ =gˆ
αβΓγαµΓ
δ
βγh5δ + gˆ
αβΓ5αµΓ
δ
β5h5δ
=gˆαβ
[
Γˆγαµ +
1
2
(
δγα∂µu+ δ
γ
µ∂αu− gˆαµgˆγλ∂λu
)] [
Γˆδβγ +
1
2
(
δδβ∂γu+ δ
δ
γ∂βu− gˆβγ gˆδλ∂λu
)]
h5δ
+ gˆαβΓ5αµΓ
δ
β5h5δ
=gˆαβΓˆγαµΓˆ
δ
βγh5δ +
1
2
Γˆγαµ(∂γu)gˆ
αδh5δ +
1
2
Γˆδαµgˆ
αβ(∂βu)h5δ − 1
2
Γˆααµ(∂λu)gˆ
δλh5δ
+
1
2
gˆβγΓˆδβγ(∂µu)h5δ +
1
4
(∂µu)(∂γu)gˆ
γδh5δ +
1
4
(∂µu)(∂βu)gˆ
βδh5δ − (∂µu)(∂λu)gˆδλh5δ
+
1
2
Γˆδβµgˆ
αβ(∂αu)h5δ +
1
4
(∂µu)(∂αu)gˆ
αδh5δ +
1
4
(∂αu)gˆ
αβ(∂βu)h5µ − 1
4
(∂µu)(∂λu)gˆ
δλh5δ
− 1
2
Γˆδµγ gˆ
γλ(∂λu)h5δ − 1
4
(∂λu)gˆ
γλ(∂γu)h5µ − 1
4
(∂µu)(∂λu)gˆ
λδh5δ +
1
4
(∂µu)(∂λ)gˆ
δλh5δ
+ gˆαβΓ5αµΓ
δ
β5h5δ
=gˆαβΓˆγαµΓˆ
δ
βγh5δ +
1
2
Γˆγαµ(∂γu)gˆ
αδh5δ +
1
2
Γˆδαµgˆ
αβ(∂βu)h5δ − 1
2
Γˆααµ(∂λu)gˆ
δλh5δ
+
1
2
gˆβγΓˆδβγ(∂µu)h5δ −
1
2
(∂µu)(∂αu)gˆ
αβh5β + gˆ
αβΓ5αµΓ
δ
β5h5δ
=gˆαβΓˆγαµΓˆ
δ
βγh5δ +
(
3a˙u˙
a
+
u˙2
2
)
h50δ
0
µ − eu
u′2
4
h5µ , (B11)
∇(0)2h5µ =∂25h5µ −
u′′
2
h5µ − u′∂5h5µ + u
′2
4
h5µ
+ e−u
[
gˆαβ∂α∂βh5µ − gˆαβ∂αΓˆγβµh5γ +
u¨
2
h5µ
− 2gˆαβΓˆγβµ∂αh5γ − u˙gˆαγ∂αh5γδ0µ + u˙∂0h5µ − u˙∂µh50
− gˆαβΓˆγαβ∂γh5µ − u˙∂0h5µ + 2euu′∂5h5µ
+ gˆαβΓˆγαβΓˆ
δ
γµh5δ −
a˙u˙
a
h50δ
0
µ +
5a˙u˙
2a
h5µ +
u˙2
2
h5µ − euu′2h5µ − euu′2h5µ
− euu
′2
2
h5µ + gˆ
αβΓˆγαµΓˆ
δ
βγh5δ +
(
3a˙u˙
a
+
3u˙2
2
)
h50δ
0
µ − eu
u′2
4
h5µ
]
=∂25h5µ −
u′′
2
h5µ + u
′∂5h5µ − 5u
′2
2
h5µ
+ e−u
[
gˆαβ∇ˆα∇ˆβh5µ + u¨
2
h5µ − u˙∂µh50 + 5a˙u˙
2a
h5µ
12
+
u˙2
2
h5µ +
u˙2
2
h50δ
0
µ +
2a˙u˙
a
h50δ
0
µ − u˙gˆαγ∂αh5γδ0µ
]
. (B12)
Then by combining the above expressions, we find
−R(0)h5µ +R(0)55h5µ +R(0)νµ h5ν − 2R(0) 5ν5µ h5ν
=
[
2u′′ + 4u′2 − 3e−u
(
u¨+
u˙2
2
+
3a˙u˙
a
+
2a¨
a
+
2a˙2
a2
)]
h5µ
+
[
−u
′′
2
− u′2 + e−u
(
u¨
2
+
u˙2
2
+
5a˙u˙
2a
)]
h5µ + e
−u
(
u¨− u˙
2
2
− a˙u˙
a
)
h50δ
0
µ + e
−uRˆ νµ h5ν
+ 2
(
u′′
2
+
u′2
4
)
h5µ
=
[
5u′′
2
+
7u′2
2
− e−u
(
5u¨
2
+ u˙2 +
13a˙u˙
2a
+
6a¨
a
+
6a˙2
a2
)]
h5µ + e
−u
(
u¨− u˙
2
2
− a˙u˙
a
)
h50δ
0
µ . (B13)
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